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EQUILIBRIUM MEASURE FOR ONE-DIMENSIONAL LORENZ-LIKE
EXPANDING MAPS
BRONZI, M. A. AND OLER, J. G.
Abstract. Let L : [0, 1] \ {d} → [0, 1] be a one-dimensional Lorenz like expanding map (d is
the point of discontinuity), P = {(0, d), (d, 1)} be a partition of [0, 1] and Cα([0, 1],P) the set
of piecewise Ho¨lder-continuous potential of [0,1] with the usual C0 topology. In this context,
we prove, improving a result of [2], that piecewise Ho¨lder-continuous potential φ satisfying
max
n
lim supn→∞
1
n (Snφ)(0), lim supn→∞ 1n (Snφ)(1)
o
< Ptop(φ,T) support an unique equilibrium
state. Indeed, we prove there exists an open and dense subset H of Cα([0, 1],P) such that, if
φ ∈ H , then φ admits one equilibrium measure.
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1. Introduction
A piecewise expanding map (X,P,T) is a locally connected compact me-
tric space X together with a partition P, which is a finite collection of non-
empty pairwise disjoint open subsets of X with dense union, and a map
T : ∪P∈PP → X such that for each P ∈ P, each restriction T|P can be ex-
tended to an expanding homeomorphism from a neighborhood of P onto one
of T(P). Here P denotes the closure of P. An invariant probability measure
µ is called an equilibrium measure for φ : M → R if hµ(L) +
R
φ dµ is well-
defined and maximal. In this context, Buzzi and Sarig proved in [2] that any
piecewise expanding map T : X → X, strongly topologically transitive in the
sense that for all nonempty open sets U, T(X) ⊂ ∪k≥0Tk(U), with a piecewise
Ho¨lder-continuous potential φ satisfying Ptop(φ, ∂P,T) < Ptop(φ,T) supports a
unique equilibrium state. Here Ptop(φ, ∂S,T) is the topological pressure of a
subset S ⊆ X (not necessarily invariant).
In [11] Pesin and Zhang proved that fixed a piecewise expanding map
(X,P,T) the class of potentials, admitting the unique equilibrium measure,
is larger than the class of Ho¨lder continuous potentials, i.e., they construct
a family of continuous (but not Ho¨lder continuous) potentials ϕc exhibiting
phase transitions, i.e., there exists a critical value c0 > 0 such that for every
0 < c < c0 there is a unique equilibrium measure for ϕc which is supported on
(0, 1] and for c < c0 the equilibrium measure is the Dirac measure at 0.
The goal of this paper is to show that if L : [0, 1] \ {d} → [0, 1] is a one-
dimensional Lorenz like expanding, then the class of potentials piecewise
Ho¨lder continuous, admitting the unique equilibrium measure, too is sub-
stantially large. More precisely, adapting results of Buzzi and Sarig [2], we
construct a open and dense subset H of Cα([0, 1],P) in C0 topology such that
each φ ∈ H admits at most one equilibrium measure. This set H can be
characterized in terms of a regularity condition on the pressure function of
the boundary of continuity domains of the dynamics, i.e., if φ ∈ H , then
Ptop(φ,T) > max
n
lim supn→∞
1
n
(Snφ)(0), lim supn→∞ 1n (Snφ)(1)
o
(see Section 3.1).
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2. Setting and Statements
Lorenz maps originally arise from the study of geometric models for the
Lorenz equations ([4], [5], [7], [12], [14]). The Poincare´ map has an invariant
stable foliation of vertical lines. Since P takes vertical lines to vertical lines, it
induces a map f : [0, 1] \ {d}→ R. This map is an example of an one-dimensional
Lorenz-like expanding map. The precise definition is as following:
Definition 2.1. A one-dimensional Lorenz-like expanding map is a function
L : [0, 1]→ [0, 1] which has the following properties:
(L.1) L has a unique discontinuity at x = d and
L(d+) = lim
x→d+
L(x) = 0, L(d−) = lim
x→d−
L(x) = 1;
(L.2) For any x ∈ [0, 1] \ {d}, L′(x) > √2 and the lateral limits at x = d are
L′(d+) = −∞, L′(d−) = +∞;
(L.3) Each inverse branch of L extends to a C1+θ,θ > 0, function over [L(0), 1] or
[0, L(1)] and if g denotes any of these inverse branches, g′(x) ≤ λ < 1.
Definition 2.2. We say that a continuous map f : M→M is locally eventually onto
(LEO) if given an open set U ⊂M there exists k ∈N such that f k(U) =M.
Remark 2.1. In [14] Williams showed that if L is the one-dimensional Lorenz-like
expanding map, then L is LEO.
0 d 1
Figure 1. One-dimensional Lorenz-like expanding map.
We denote by P the natural partition of [0, 1], i.e.,
P = {(0, d), (d, 1)}. The boundary of P is ∂P := {0, d, 1}. Also, define P(n−1) =
{P0 ∩ L−1(P1) ∩ · · · ∩ L−n+1(Pn−1) � ∅ | Pi ∈ P}. Let φ : [0, 1] → R such that
sup(φ) < ∞. This map φ is a piecewise Ho¨lder continuous potential if the restric-
tion to any elements of P is Ho¨lder continuous, i.e., for all x, y in the same
element of P, |φ(x) − φ(y)| ≤ K|x − y|α for some α > 0, K < ∞. Let
Cα([0, 1],P) := {φ : [0, 1]→ R : φ is piecewise Ho¨lder continuous potential}.
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According Buzzi-Sarig [2], the pressure of subset S ⊂ [0, 1] and φ ∈ Cα([0, 1],P)
is defined as
Ptop(φ, S, L) = lim sup
n→∞
1
n
log








X
Cn∈P(n−1) :S∩Cn�∅
sup
x∈Cn
eSnφ(x)








,
where for x ∈ Cn, Cn ∈ P(n−1), the Birkohoff average Snφ(x) =
Pn−1
j=1 φ(Ln−1(x))
is well defined. The topological pressure of L for φ ∈ Cα([0, 1],P) is defined by
P(φ, L) = Ptop(φ, [0, 1], L). In this context, Buzzi and Sarig proved the following
theorem:
Theorem 2.1 ([2]). Let (X,P, L) be a piecewise expanding map withφ ∈ Cα([0, 1],P).
Assume that Ptop(φ, ∂P, L) < Ptop(φ, L). If ML(X) denotes the set of invariant mea-
sures, then:
(i) Ptop(φ, L) = supµ∈ML(X)
n
hµ(L) +
R
φ dµ
o
and this supremum is realized by at
least one measure;
(ii) there exist at most finitely many ergodic equilibrium measures; and
(iii) if, additionally, L is strongly topologically transitive in the sense that for all
non-empty open sets U, ∪k≥0Lk(U) ⊇ L(X), then there exists a unique equili-
brium measure.
In this context, we have can state the main result of the paper:
TheoremA. Let L : [0, 1]\{d}→ [0, 1] be an one-dimensional Lorenz-like expanding
map and Cα([0, 1],P) the set of piecewise Ho¨lder-continuous potential of [0,1]. Then
there exists an open and dense subsetH of Cα([0, 1],P) in the C0 topology such that,
for every φ ∈ H admit a unique equilibrium measure.
The idea of the proof of the Theorem A is as following: we use a result of
Buzzi-Sarig which gives a sufficient condition for the existence and uniqueness
of equilibrium measure under a regularity condition on the pressure of the
boundary of continuity domains of the dynamics. We express the pressure of
the boundary of the corresponding partition for the one-dimensional Lorenz-
like expandingmap in terms of the Birkhoff average of the discontinuity and by
a small perturbation of the potential along periodic points of sufficiently large
period we guarantee the regularity condition of Buzzi-Sarig. To obtain ade-
quateperiodicpointsweuse the conjugacywithgeneralized β−transformations
and the notion of cutting times in one dimensional dynamics (see [1, 6]).
3. Proof of the Theorem A
3.1. Construction of set H . As L is not defined in d ∈ [0, 1] we make the
following convention: Snφ(d+) (Snφ(d−)) is the limit to the right a (resp. to
the left) of z of the function Snφ(z). More precisely, let φ ∈ Cα([0, 1],P) be a
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continuous function, then for any n ∈N we defined
Snφ(d±) = lim
z→d±
n−1X
i=0
φ(Li(z)).
By definition L(d+) = 0 and L(d−) = 1, so we conclude that:
lim sup
n→∞
1
n
Snφ(d+) = lim sup
n→∞
1
n
Snφ(0) and lim sup
n→∞
1
n
Snφ(d−) = lim sup
n→∞
1
n
Snφ(1).
See Lemma 3.1 to verify that the above relations are well defined.
Lemma 3.1. Let L : [0, 1] \ {d}→ [0, 1] be a one-dimensional Lorenz-like expanding
map and consider φ ∈ Cα([0, 1],P).
(i) If does not exist n0 ∈N such that Ln0(0) = d, then
lim sup
n→∞
1
n
Snφ(d+) = lim sup
n→∞
1
n
Snφ(0).
(ii) If there exists n0 ∈N such that Ln0 (0) = d, then
lim sup
n→∞
1
n
Snφ(d+) =
1
n0
Sn0φ(0).
The same conclusion holds for d− replacing 0 for 1.
Proof. The first item comes easily from the definition of Birkhoff sum. Indeed,
Snφ(d+) = lim
x→d+
Snφ(x) = φ(d+) +
n−2X
j=0
φ(Lj(0)) = φ(d+) + Sn−1φ(0),
then
lim sup
n→∞
1
n
Snφ(d+) = lim sup
n→∞
1
n
Snφ(0).
To prove (ii) let n = Kn0 + l, with l < n0. Thus
Snφ(d+) = φ(d+) + SKn0+l−1φ(0) = φ(d+) + KSn0φ(0) + Sl−1φ(0),
where the second equality in the above equation is because L is piecewise
increasing and φ is continuous. Indeed, for x close enough to d and x > d, one
has Ln0(x) > Ln0 (0) = d. Thefore,
1
n
Snφ(d+) =
φ(d+)
n
+
K
n
Sn0φ(0) +
l
n
Sl−1φ(0).
Letting n→∞ we have:
lim sup
n→∞
1
n
Snφ(d+) =
1
n0
Sn0φ(0).
The same argument gives similar results for d− replacing 0 by 1. �
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Remark 3.1. From now on we use lim sup
n→∞
1
n
Snφ(0) to refer one of the items in the
above Lemma.
The setH is defined as the set of φ ∈ Cα([0, 1],P) such that
Ptop(φ, L) > max
(
lim sup
n→∞
1
n
(Snφ)(0), lim sup
n→∞
1
n
(Snφ)(1)
)
.
3.2. H is not empty. To show that H is not empty first we recall that all one-
dimensional Lorenz-likemapsare topologically conjugate to aβ-transformation.
Let 1 < β ≤ 2 and α ≥ 0 such that α + β ≤ 2, then the map
T(x) = βx + α mod 1 is called β-transformation. Viewed as a map of the
interval a β-transformation has a point of discontinuity at D = (1 − α)/β. In
addition
T(D+) = 0,T(D−) = 1, T(1) = β + α − 1, T(0) = α
and
T(x) =









βx + α, if x ∈ [0, (1 − α)/β)
βx + α − 1, if x ∈ ((1 − α)/β, 1].
0 (1−α)
β
1
α
β + α − 1
Figure 2. Generalized β-transformations: T(x) = βx + αmod 1.
It is known (see [6], [8], [9], [10]) that every one-dimensional expanding
Lorenz-like map is topologically conjugate to a β-transformation.
In this context, Glendinning proved the following theorem:
Theorem 3.1 ([3]). Let L : [0, 1] \ {d} → [0, 1] be a one-dimensional Lorenz-like
map expanding. Then L is topologically conjugate to a β-transformation T and
htop(L) = ln(β).
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Proof thatH is not empty. Consider the potential φ ≡ 0. By Theorem 3.1, we
get
Ptop(φ, L) = htop(L) = ln(β) > 0,
since 1 < β ≤ 2.
On the other hand,
Ptop(φ, L, ∂P) = max
(
lim sup
n→∞
1
n
(Snφ)(0), lim sup
n→∞
1
n
(Snφ)(1)
)
= 0.
Thus,
Ptop(φ, L, ∂P) = 0 < ln(β) = htop(L) = Ptop(φ, L)
and we conclude that φ ∈ H .
3.3. Every element ofH admits a unique equilibriummeasure. To show that
every element ofH admits an unique equilibrium measure we first prove that
the pressure of the boundary ∂P can be written in terms of asymptotic values
of the Birkhoff average of the boundary point of partition. We begin with the
following simple result based on distortion argument.
Lemma 3.2. Let L : [0, 1] \ {d}→ [0, 1] be a one-dimensional Lorenz-like expanding
map and φ ∈ Cα([0, 1],P). Then for n large enough there exists a constant C > 0 such
that


(Snφ)(x) − (Snφ)(y)


 ≤ C, for all x, y ∈ Cn and Cn ∈ P(n−1).
Proof. If φ is α-Ho¨lder continuous on P there exists a constant K > 0 such that


(Snφ)(x) − (Snφ)(y)


 ≤
n−1X
i=0
|φ(Li(x)) − φ(Li(y))| ≤ K
n−1X
i=0
|Li(x) − Li(y)|α.
Since x, y ∈ Cn by property L.3 of Definition 2.1 there exists 0 < λ < 1 such
that


(Snφ)(x) − (Snφ)(y)


 ≤ K
∞X
i=0
λiα.
Hence it is enough to take C = K
∞X
i=0
λiα. �
Corollary 3.1. The Lemma 3.2 is true on the closure of the cilinders Cn, denoted
by Cn, i.e, if x, y ∈ Cnthen there C > 0, such that


(Snφ)(x) − (Snφ)(y)


 ≤ C.
Proof. Just write points in Cn as limits of points in Cn. �
Using the Corollary 3.1, we can characterize the Ptop(φ, ∂P, L) as follows.
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Proposition 3.1. Let L : [0, 1] \ {d} → [0, 1] be a one-dimensional Lorenz-like ex-
panding map and φ ∈ Cα([0, 1],P), then
Ptop(φ, ∂P, L) = max
(
lim sup
n→∞
1
n
(Snφ)(0), lim sup
n→∞
1
n
(Snφ)(1)
)
.
Proof. Consider Cin, 1 ≤ i ≤ 4 the cylinder in P(n−1) such that {0, d, 1} ∩ ∂Cin � ∅,
where ∂Cin is bourdary of Cin. Since sup
x∈Cn
e(Snφ)(x) ≤ sup
x∈Cn
e(Snφ)(x) it follows that
Ptop(φ, ∂P, L) ≤ lim sup
n→∞
1
n
log








X
Cn∈Pn−1 :∂P∩Cn�∅
sup
x∈Cn
e(Snφ)(x)








.
Using the Lemma 3.2, for x ∈ Cin, we have (Snφ)(x) ≤ (Snφ)(bi) + C, where
bi ∈ {0, d−, d+, 1} depending on whether Cn is on the left or right hand side of
the discontinuity d. It turns out that
Ptop(φ, ∂P, L) ≤ lim sup
n→∞
1
n
log







4X
i=1
e(Snφ)(bi)







= max
1≤ j≤4
(
lim sup
n→∞
1
n
Snφ(bj)
)
≤ max
(
lim sup
n→∞
1
n
Snφ(0), lim sup
n→∞
1
n
Snφ(1)
)
were in the above inequalities we used Lemma 3.1.
Conversely, since sup
x∈Cn
e(Snφ)(x) ≥ inf
x∈Cn
e(Snφ)(x) we obtain that
Ptop(φ, ∂P, L) ≥ lim sup
n→∞
1
n
log








X
Cn∈Pn−1 :∂P∩Cn�∅
inf
x∈Cn
e(Snφ)(x)








.
Using again the Lemma 3.2, for x ∈ Cin, we have (Snφ)(bi) − C ≤ (Snφ)(x).
Thus
Ptop(φ, ∂P, L) ≥ lim sup
n→∞
1
n
log

emax1≤ j≤4{Snφ(bj)}

≥ max
1≤ j≤4
(
lim sup
n→∞
1
n
Snφ(bj)
)
.
Applying again Lemma 3.1 we have
Ptop(φ, ∂P, L) ≥ max
(
lim sup
n→∞
1
n
Snφ(0), lim sup
n→∞
1
n
Snφ(1)
)
.
�
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Corollary 3.2. Let L : [0, 1]\{d}→ [0, 1] be a one-dimensional Lorenz-like expanding.
Then the map Ptop( · , ∂P, L) : Cα([0, 1],P) −→ R is continuous.
Proof. Note that for all ψ,φ ∈ Cα([0, 1],P) by Proposition 3.1 we have that


Ptop(ψ, ∂P, L) − Ptop(φ, ∂P, L)


 =
=






lim sup
n→∞
1
n
max

Snψ(0), Snψ(1)
	 − lim sup
n→∞
1
n
max
n
Snφ(0), Snφ(1)
o




≤ 2 lim sup
n→∞
1
n





Snψ(0) − Snφ(0)
2





+ 2 lim sup
n→∞
1
n





Snψ(1) − Snφ(1)
2





≤k ψ − φ k .
�
Proof of that every element ofH admits a unique equilibriummeasure. Let
φ ∈H . By definition we have that
max
(
lim sup
n→∞
1
n
Snφ(0), lim sup
n→∞
1
n
Snφ(1)
)
< Ptop(φ, L).
Thus by proposition 3.1, we obtain
Ptop(φ, ∂P, L) = max
(
lim sup
n→∞
1
n
Snφ(0), lim sup
n→∞
1
n
Snφ(1)
)
< Ptop(φ, L).
On the other hand, by remark 2.1 we have that one-dimensional Lorenz-like
expanding map is LEO. Thus applying theorem 2.1 we conclude that if φ ∈ H
then φ admits a unique equilibrium measure
3.4. H is an open set inCα([0, 1],P) . Let usfirst observe that thatH =H+∩H−,
where
H+ =
(
φ : Ptop(φ, L) > lim sup
n→∞
1
n
(Snφ)(0)
)
H− =
(
φ : Ptop(φ, L) > lim sup
n→∞
1
n
(Snφ)(1)
)
.
Considerφ ∈ Cα([0, 1],P). To prove thatH isC0-open in Cα([0, 1],P) we need
the following Lemmas:
Lemma 3.3. Ptop(·, L) : Cα([0, 1],P) → R defined by φ 7−→ Ptop(φ, L). Then for
each φ,ψ ∈ Cα([0, 1],P), we have |Ptop(φ, L)−Ptop(ψ, L)| ≤


φ − ψ



0
, in other words,
Ptop(·, L) is a Lipschitz function.
Proof. The proof of the Lemma follows from Theorem 9.7 of [13], with appro-
priate modifications. �
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Lemma 3.4. The functionals P+, P− : Cα([0, 1],P)→ R, defined by
φ 7−→ P−(φ) = lim sup
n→∞
1
n
(Snφ)(1) and φ 7−→ P+(φ) = lim sup
n→∞
1
n
(Snφ)(0)
are continuous.
Proof. We give the proof only for the map P+, the other case is analogous. As
in Lemma 3.1 we consider two cases. If there is n0 ∈ N such that Ln0 (0) = d,
then the Lemma 3.4 is trivial, since P+ is constant. If there is not n0 such that
Ln0(0) = d, then by the definition of Birkhoff sum, we have that
(3.1)
|P+(φ) − P+(ψ)| =






lim sup
n→∞
1
n
(Snφ)(0) − lim sup
n→∞
1
n
(Snψ)(0)






≤ lim sup
n→∞
1
n


(Snφ(0) − Snψ(0))



≤


φ − ψ



0
.
Thus the inequality (3.1) proves the Lemma. �
Proof of that H is C0-open in Cα([0, 1],P). Now, let us prove the first part of
the Theorem A. Note that, to prove thatH is open in Cα([0, 1],P) it is sufficient
to show thatH+ andH− are open in Cα([0, 1],P).
Consider P˜ : H+ → R defined by P˜(φ) = Ptop(φ, L) − P+(φ), for all
φ ∈ H+. Combining Lemmas 3.3 and 3.4 we obtain that P˜ is continuous,
and H+ =
n
φ : Ptop(φ, L) > P+(φ)
o
= P˜−1(A), with A = (0,∞). Thus H+ is an
open set of C([0, 1],R). Similarly we getH+ is open and we conclude thatH is
open in Cα([0, 1],P).
3.5. H is an dense set inCα([0, 1],P). Fixedφ ∈ Cα([0, 1],P), our proof consists
in the construction of a sequence of potentials φǫ,k,l ∈ H such that φǫ,k,l → φ
in C0-topology. To this end, first by properties of β−transformation we con-
struct an auxiliary family {An}n∈N of subsets of [0,1], generated by the partition
F = �0, (1 − α)/β , �(1 − α)/β, 1	. Then we find periodic points with large
enough period inside the cylinders that are the right and left hand side of the
discontinuity. Finally we construct φǫ,k,l by perturbing φ along the orbit of
the above mentioned periodic points in order to obtain higher pressure and
dominate the pressure of the boundary.
Construction of auxiliary sets {An}n∈N. Note that by Theorem 3.1 to find a peri-
odic point for one-dimensional Lorenz-likemap expanding is equivalent tofind
a periodic point for the β-transformation. Therefore, the construction of peri-
odic pointswill be doneusing β-transformation. The boundaryof such a system
([0, 1],F ,T), where F = �0, (1 − α)/β , �(1 − α)/β, 1	, is ∂F = 0, (1 − α)/β, 1	.
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Let F (n) be the collection of n-cylinders dynamically defined by the transfor-
mation T, i.e., the non empty intersections Cn = ∩nj=1T− j(Fj), where Fj ∈ F .
We define C+n and C−n being the cylinders respectively at the right and left
hand side of the discontinuity D, i.e., D ∈ ∂C±n , where + or − represent the
cylinders on the right or left side of D, respectively. We introduce an auxiliary
family An by induction as follows: Let A0 :=
�
(1 − α)/β, 1 and for n ≥ 0 we
write
An+1 =









T(An), if D � An
T(A∗n), if D ∈ An,
where A∗n is the connected component of An \ {D} containing Tn(D+).
Definition 3.1. An integer N is a cutting time for T if D ∈ AN.
Construction of periodic points. In this section we find periodic points with
large enough periods inside the cylinders that are on right and left hand side
of the discontinuity. More precisely, we will prove using properties of β-
transformations that there exists sequences of integer {N±
k
}k∈N and a sequences
periodic points such that p±
k
→ d±, d± ∈ ∂CN±
k
andLN
±
k (p
±
k
) = p
±
k
for some p
±
k
∈ CN±
k
,
where + or − represent the cylinders on the right or left side of d, respectively.
Lastly, we show that P(φ, ∂P, L) can be calculated by the average of p±
k
.
Lemma 3.5. Let N+ be a cutting time for T and CN+ = (D
+,B+) a cylinder. Suppose
that TN
+
(B+) > B+ then there exists a periodic point p+
k
of period N+ for T such that
p+
k
∈ CN+ . Analogous results we obtain to the cylinders at the left hand side of D.
Proof. We first show that if TN+(B+) > B+ then there exists a periodic point of
period N+ for T inside CN+ . The case for T
N−(B−) < B− is similar. Observe that
TN
+
(CN+) = AN+ . AsN
+ is a cutting time we obtain that AN+ = (T
N+(D+),TN
+
(B))
and D ∈ AN+ . So TN+(CN+) = (TN(D+),TN(B)). As TN+(B+) > B+ and D is a
cutting time we obtain
TN
+
(CN+) = AN+ = (T
N+(D+),TN
+
(B+)) ⊃ (D,B+) = CN+ ,
so there exists p+
N+
∈ CN+ such that TN+(p+N+) = p+N+ . �
Lemma 3.6. There exists infinity cutting times N+0 < N+1 < · · · < N+k < · · · such that
TN
+
k (B+) > B+, for all k ∈ N. Similar results we get to the cylinders at the left hand
side of D.
Proof. We first prove that there exists infinity cutting times N+0 < N+1 < · · · <
N+
k
< · · · such that TN+k (B+) > B+, for all k ∈ N. We can proceed similarly to
prove the second case. To this end, fix N+0 > 0. By contradiction suppose that
for all cutting time N+ ≥ N+0 , we have that TN
+
(B+) < B+. Thus there exists
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cutting times N+0 < N
+
1
< · · · < N+
k
< · · · such that TN+k (B+) < B+, for all k ∈ N.
Therefore,
(3.2)
|CN+
k+1
|
|CN+
k
| =
|AN+
k+1
|
βN+k+1−N+k |AN+
k
| =
|TN+k (D+) −D|
|TN+k (D+) − TN+k (B+)| .
The second equality above comes from the fact that there is no cutting time
between N+
k
and N+
k+1
and consequently
|AN+
k+1
| = βN+k+1−Nk |TN+k (D+) −D|.
Now ,
(3.3)
|TN+k (D+) −D|
|TN+k (D+) − TN+k (B+)| ≥
|TN+k (D+) − TN+k (B+)| − |TN+k (B+) −D|
|TN+k (D+) − TN+k (B+)|
= 1 − |T
N+
k (B+) −D|
|TN+k (D+) − TN+k (B+)| = 1 −
1
βN+k
|TN+k (B+) −D|
|D − B+|
Since we are considering TN
+
k (B+) < B+ we have
(3.4) − 1
βN+k
|TN+k (B+) −D|
|D − T(B+)| > −
1
βN+k
.
Thus, using (3.2), (3.3) and (3.4) we have that
|CN+
k+1
|
|CN+
k
| > 1 −
1
βN+k
.
As a consequence we have that
|CN+
k+1
|
|CN+
k0
| =
|CN+
k+1
|
|CN+
k
| ·
|CN+
k
|
|CN+
k−1
| · · · · ·
|CN+
k0+1
|
|CN+
k0
|
>
∞Y
j=1

1 − 1β j

=: γ > 0.
Therefore, |CN+
k
| > γ · |CN+
k0
|, for all k ≥ k0. This gives us a contradiction since
by construction |CN+
k
|→ 0 when k→∞. Thus there exists infinity cutting times
N+ such that TN
+
(B+) > B+. �
Corollary 3.3. LetP(N+k ) the collection of N+
k
-cylinder for one-dimensional Lorenz-like
expanding map L. Then there exists N+
k
∈ N sucht that d ∈ ∂CN+
k
and LN
+
k (p+
k
) = p+
k
for some p+
k
∈ CN+
k
. To the cylinder CN−
k
the construction is analogous.
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Proof. Since one-dimensional Lorenz-like expanding map L is topologically
conjugate the maps T it follows immediately from Lemma 3.5 that periodic
point p±
k
there exists. �
Lemma 3.7. Let L : [0, 1] \ {d}→ [0, 1] be a one-dimensional Lorenz-like expanding
map and consider φ ∈ Cα([0, 1],P). If N+
k
∈ N such that d ∈ ∂CN+
k
, p+
k
∈ CN+
k
and
LN
+
k (p+
k
) = p+
k
, then
(3.5) lim sup
n→∞

lim
k→∞
1
n
Snφ(p+k )

= lim sup
k→∞

lim
n→∞
1
n
Snφ(p+k )

,
Replacing p+
k
by p−
k
we get similar results.
Proof. We give the proof only for p+
k
. The case p−
k
is similar. To see this, we first
observe that as sup(φ) < ∞ and then





1
n
Snφ(p+k )





≤ 1
n
n−1X
j=0
|φ(Lj(p+k ))| ≤ sup(φ), for all n, k ∈N.
Thus the double superior limit lim sup
n,k→∞
1
n
Snφ(p+k ) exists. Now, for fixed k ∈N,
we can be write
n = q+nN
+
k + r
+
n , 0 ≤ r+n ≤ N+k − 1.
Thus we have that the following limit exists
(3.6)
lim
n→∞
1
n
Snφ(pk+) = lim
n→∞
 
q+n
q+nN
+
k
+ r+n
SN+
k
φ(p+k ) +
1
q+nN
+
k
+ r+n
Sr+nφ(p+k )
!
=
1
N+
k
SN+
k
φ(p+k ),
where we get the last equality because, as 0 ≤ r+n ≤ N+k − 1, then Sr+nφ(p+k ) is
limited. On the other hand, for fixed n ∈ N, as p+
k
→ d+ the following limit
exists by continuity, i.e,
(3.7) lim
k→∞
1
n
Snφ(p+k ) =
1
n
Snφ(d+).
Combining (3.6) and (3.7) we see at once that equal (3.5) is true.
�
Corollary 3.4. Let L : [0, 1]\{d}→ [0, 1] be a one-dimensional Lorenz-like expanding
map and consider φ ∈ Cα([0, 1],P). If p+
k
is sequence of periodic points satisfying the
conditions Lemma 3.7 then
lim sup
k→∞
1
N+
k
SN+
k
φ(p+k ) = lim sup
n→∞
1
n
Snφ(0).
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Replacing 0 by 1 and p+
k
by p−
k
we get similar results.
Proof. For each n, as lim
k→∞
p+
k
= d+, we obtain
(3.8) lim
k→∞
1
n
Snφ(pk) =
1
n
Snφ(d+).
Letting n→∞we can rewrite (3.8) as
lim sup
n→∞

lim
k→∞
1
n
Snφ(pk)

= lim sup
n→∞
1
n
Snφ(d+).
By Lemma 3.7 we obtain
lim sup
k→∞

lim
n→∞
1
n
Snφ(pk)

= lim sup
n→∞
1
n
Snφ(d+).
As
lim
n→∞
1
n
Snφ(p+k ) =
1
Nk
SNkφ(pk)
this finishes the proof. �
Construction of potential φǫ,k,l. Recall that by Corollary 3.4, there exists sub-
sequence N+
k
→ ∞ such that d ∈ ∂CN+
k
and p±
k
∈ CN±
k
such that LN
±
k (pk) = p
±
k
. Let
I
±
j
= (Lj(p
±
k
) − δk, Lj(p
±
k
) + δk) be intervals, where 0 ≤ j ≤ N±k − 1. Since the orbit
p±
k
is finite, there exists δ±
k
> 0 such that I
±
i
∩ I±
j
= ∅, for all 0 ≤ j, i ≤ N±
k
− 1 with
i � j. Here and subsequently, we denote δk,l =
δk
l
. Let
B
±
ǫ,k,l(x) =

















N±
k
−1X
j=0
B
±
ǫ,k, j,l(x) , x ∈
Nk−1[
j=0
I
±
j
0 , otherwise.
where B
±
ǫ,k, j,l is bump function defined by figure 3.5.
Lemma 3.8. Let φ±ǫ,k,l(x) = φ(x)+B
±
ǫ,k,l(x), where φ ∈ Cα([0, 1],P). Then we have the
following properties:
(1) φ±ǫ,k,l is Holder continuous;
(2) kφ±ǫ,k,l − φkC0 < ǫ, for all φ ∈ Cα([0, 1],P);
(3) As φ±ǫ,k,l is built on the orbit of the periodic point p+k , we have that
SNkφ
±
ǫ,k,l(p
±
k ) = SNkφ(p
±
k ) + ǫ.
Proof. The proof follows of the construction of potential φ±ǫ,k,l. �
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Lj(pk)
Lj(pk) + δk,lLj(pk) − δk,l
ǫ
Lj(0)
δk,l δk,l
Figure 3. Bump function B
±
ǫ,k, j,l.
Lemma 3.9. Let O(p±
k
) the orbit of p
±
k
and χO(p±
k
) the characteristic function of O(p
±
k
).
Then lim
l→∞
B
±
ǫ,k,l(x) = ǫ · χO(p±
k
)(x), for all x ∈ [0, 1].
Proof. If x ∈ O(p±
k
), then there exists j0 ∈ {0, 1, · · · ,N±k − 1} such that x = Lj0 (p
±
k
).
Then B
±
ǫ,k,l(x) = B
±
ǫ,k,l(L
j0 (p±
k
)) =
PN±
k
−1
j=0
B
±
ǫ,k,l, j(L
j0 (p
±
k
)) = ǫ, since by the construction
B
±
ǫ,k,l, j(L
j0 (p
±
k
)) = 0, whenever j � j0, and B
±
ǫ,k,l, j0 (L
j0(p
±
k
)) = ǫ. Therefore, we
conclude that lim
l→∞
B
±
ǫ,k,l(x) = ǫ.
On the other hand, let x ∈ [0, 1] \ O(p±
k
). If x �
SN+±
j=0
I±
j
then lim
l→∞
B
±
ǫ,k,l(x) = 0.
Otherwise if x ∈ I±
j
for some j ∈ {0, 1, · · · ,N±
k
− 1}. However, since δk,l → 0 as
l → ∞, then for large enough l0 we also have x �
SN+±
j=0
I±
j
and lim
l→∞
B
±
ǫ,k,l(x) = 0.
Therefore, for all x ∈ [0, 1]/O(p±
k
), we get that lim
l→∞
B
±
ǫ,k,l(x) = 0 this complete the
proof. �
Lemma 3.10. The pressure the of bump function B
±
ǫ,k,l is null,i.e.,
lim
l→∞
Ptop(B
±
ǫ,k,l, ∂P, L) = 0.
Proof. By the Lemma 3.9, we have that lim
l→∞
B±ǫ,k,l(x) = ǫ ·χO(p±k )(x). As O(p±k ) is the
closed set we obtain that χO(p±
k
) : [0, 1] → R is upper semi-continuous. Thus,
applying Corollary 3.2 we have that
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lim
l→∞
Ptop(B
±
ǫ,k,l, ∂P, L) = Ptop(ǫ · χO(p±k ), ∂P, L)
= ǫ ·
 
lim sup
n→∞
1
n
max
n
SnχO(p±
k
)(0), SnχO(p±
k
)(1)
o!
= 0,
as Lj(x) � O(p+
k
) and χO(p+
k
)(L
j(x)) = 0, for all 0 ≤ j ≤ n − 1 and this finishes the
proof. �
Corollary 3.5. Define φǫ,k,l(x) = max{φ+ǫ,k,l(x),φ−ǫ,k,l(x)}, for all x ∈ [0, 1]. Then
lim
l→∞
Ptop(φǫ,k,l, ∂P, L) = Ptop(φ, ∂P, L).
Proof of that H is C0-dense in Cα([0, 1],P). Our proof starts by recalling the
follows result proved by Buzzi and Sarig in [2], where L is the Lorenz map.
Proposition 3.2 ([2]). Consider φ a piecewise uniformly continuous potential and let
ν be an ergodic probability measure. If ν(S) > 0, then Ptop(φ, S, L) ≥ hν(L) +
R
φ dν,
where hν(L) is the metric entropy of ν.
Let φ ∈ Cα([0, 1],P). Remember that our proof consists in the construction of
a potential φǫ,k,l such that kφǫ,k,l − φkC0 < ǫ and
(3.9) Ptop(φǫ,k,l, L) > Ptop(φǫ,k,l, ∂P, L),
i.e, φǫ,k,l ∈ H . To this end, fix ǫ > 0 and consider
φǫ,k,l(x) = max{φ+ǫ,k,l(x),φ−ǫ,k,l(x)}, for all x ∈ [0, 1].
By the Lemma 3.8 the potential φǫ,k,l satisfies the condition kφǫ,k,l − φkC0 < ǫ,
for all k, l. Thus we only need to show that the inequality (3.9) is true. By
definition of Ptop(φǫ,k,l, L), we always have that there exists k0, l0 sucht that
Ptop(φǫ,k,l, L) ≥ Ptop(φǫ,k,l, ∂P, L)
for all k ≥ k0 and l ≥ l0. To obtain a contradiction, suppose that for all k, l,
(3.10) Ptop(φǫ,k,l, L) = Ptop(φǫ,k,l, ∂P, L).
Consider CN+
k
∈ P(N+k −1) as in Proposition 3.5, then there exists p+
k
∈ CN+
k
such that LN
+
k (p+
k
) = p+
k
. Furthermore one can construct a measure µ+
k
(·) =

1
N+
k
PN+
k
−1
j=0
δLj(p+
k
)

(·), where δLj(p+
k
) is the Dirac measure with δLj(p+
k
)(L
j(p+
k
)) = 1,
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j ∈ {0, 1, · · · ,Nk − 1}. As µ+k (CNk) > 0 by Proposition 3.2 we have
Ptop(φǫ,k,l, L) ≥ Ptop(φ+ǫ,k,l, L) ≥ Ptop(φ+ǫ,k,l,CNk , L)
≥ hµ+
k
(L) +
R
φ+ǫ,k,l dµ+k
=
1
Nk
Nk−1X
j=0
φ+ǫ,k,l(Lj(p+k )) =
1
Nk
(SNkφ+ǫ,k,l)(p+k )
=
1
Nk
(SNkφ)(p+k ) + ǫ,
where in the last equality we are applying the Lemma 3.8. We get the same
conclusion for p−
k
∈ CN−
k
,i.e.,
Ptop(φǫ,k,l, L) ≥
1
N−
k
(SN−
k
φ)(p−k ) + ǫ.
Thus,
(3.11) Ptop(φǫ,k,l, L) ≥ max
(
1
N+
k
(SN+
k
φ)(p+k ),
1
N−
k
(SN−
k
φ)(p−k )
)
+ ǫ.
Letting l → ∞ in the inequation (3.11) and combining (3.10) with Corollary
3.5 we get
Ptop(φ, ∂P, L) ≥ max
(
1
N+
k
(SN+
k
φ)(p+k ),
1
N−
k
(SN−
k
φ)(p−k )
)
+ ǫ.
Indeed letting k → ∞ and combining Corollary 3.4 with Proposition 3.1 we
obtain
Ptop(φ, ∂P, L) ≥ max
(
lim sup
k→∞
1
N+
k
(SN+
k
φ)(p+k ), lim sup
t→∞
1
N−
k
(SN−
k
φ)(p−k )
)
+ ǫ
= max
(
lim sup
n→∞
1
n
(Snφ)(0), lim sup
n→∞
1
n
(Snφ)(1)
)
+ ǫ
= Ptop(φ, ∂P, L) + ǫ.
that contradicts (3.10). Thus we show that the inequality (3.9) is true, which
completes the proof of the Theorem A.
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